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Abstract
This paper deals with the notion of quadratic differential in spherical CR
geometry (or more generally on strictly pseudoconvex CR manifolds). We get
to this notion by studying a splitting of Rumin complex and discuss its first
features such as trajectories and length. We also define several differential
operators on quadratic differentials that lead to analogue of half-translation
structures on spherical CR manifolds. Finally, we work on known examples
of quasiconformal maps in the Heisenberg group with extremal properties
and explicit how quadratic differentials are involved in those.
In addition, on our way to quadratic differentials, we define a differential
complex on strictly pseudoconvex CR manifolds with a finite dimensional
cohomology space. It leads to a new CR invariant that we compute for
compact manifolds endowed with a CR action of the circle.
Introduction
A 3-dimensional strictly pseudoconvex CR manifold is a 3-manifold endowed
with a contact structure and a complex structure on it. This is a natural
extension of the notion of Riemann surface. Holomorphic forms and holo-
morphic quadratic differentials on Riemann surfaces are classical and well-
studied objects. One would like analogous objects on strictly pseudoconvex
CR manifolds. On such manifolds, a Dolbeault type complex has been intro-
duced by Kohn and Rossi [12] (see also [5,9]). It is known as the tangential
Cauchy-Riemann or ∂b complex and was used for various purposes.
On the other hand, Rumin [17] constructed an adapted differential com-
plex on contact manifolds which works modulo the contact structure. In [10],
Garfield and Lee clarified a splitting of Rumin complex on strictly pseudocon-
vex CR manifolds that appeared implicitly in Rumin’s work. This splitting
of Rumin complex also led to a Dolbeault type complex whose cohomology is
the same as the ∂b one. Namely, the splitting of Rumin complex gives com-
plex line bundles ∧p,q (for 0 ≤ p + q ≤ 3, 0 ≤ p ≤ 2 and 0 ≤ q ≤ 1) whose
sections are similar to (p, q)-forms and several linear differential operators
on their sections.
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In order to define "holomorphic forms" on a CR manifold, it seems ap-
propriate to consider already sections of ∧1,0. On those sections, there are
two differential operators: D′′ with values in the space of sections of ∧1,1
and (contrary to the case of Riemann surfaces) D′ with value in the space
of sections of ∧2,0. Moreover, (1, 0)-forms annihilating both D′ and D′′ are
locally differentials of complex valued CR functions. Thus, we can consider
the quotient of the space of (1, 0)-forms annihilating both D′ and D′′ over
the space of differentials of global CR functions. It turns out that this space
can be naturally embedded in the first de Rham comohology space so that
it is finite dimensional. It gives a CR invariant for compact strictly pseu-
doconvex CR manifolds that we compute for manifolds endowed with a CR
action of the circle.
After that detour, we get to the heart of the present work which is
quadratic differentials on spherical CR manifolds (or more generally on
strictly pseudoconvex CR manifolds). Since we can understand sections of
∧1,0 as (1, 0)-forms, it is natural to define quadratic differentials as sections
of ∧1,0 ⊗ ∧1,0. The first geometric features such as trajectories and length
follow easily from that definition.
In order to define "holomorphy operators", we consider spherical CR
manifolds. Those manifolds are CR manifolds locally equivalent to the unit
sphere in C2 or equivalently, manifolds locally modeled on the Heisenberg
group. The Heisenberg group H is C× R endowed with the group law
(z, t)(z′, t′) = (z + z′, t+ t′ + 2=(zz′)).
The CR structure on H is given by the CR distribution V = span(Z) where
Z is the left invariant vector field
Z =
∂
∂z
+ iz
∂
∂t
.
It is strictly pseudoconvex since V ⊕V = ker(ω) where ω = dt−izdz+izdz is
a contact form. Thus, a spherical CR manifold is a manifoldM endowed with
an atlas of charts (Ui, ϕi) with value in H and whose transition functions are
CR diffeomorphisms of H (that is diffeomorphisms preserving V ). On these
manifolds, we manage to extend the operators D′ and D′′ into operators D′2
and D′′2 defined on quadratic differentials such that any quadratic differential
annihilating both D′2 and D′′2 is locally the square of the differential of a CR
function. Let us point out that one cannot extend directly D′ and D′′ to
quadratic differentials because the line bundle ∧1,0 isn’t a CR line bundle in
general (that is a line bundle whose transition functions are CR functions).
In order to have some structure on a spherical CR manifold similar to
a half-translation structure, annihilating these two operators isn’t enough.
Namely, we need to get from quadratic differentials that are "locally the
square of the differential of a CR function" to quadratic differentials that
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are "locally the square of the differential of the complex part of a chart of
the manifold with value in the Heisenberg group". For that, we introduce a
third differential operator B2 on quadratic differentials. Then, a quadratic
differential q annihilating D′2, D′′2 and B2 induce "natural coordinates" on
the spherical CR manifold (that is coordinates (z, t) where q is dz2 up to a
contact form). Moreover, two such natural coordinates (z, t) and (z′, t′) only
differ by (z′, t′) = (±z + z0, t+ t0 + 2=(±zz0)).
As an end, we express the known examples of extremal quasiconformal
map in the Heisenberg group as maps dilating trajectories of quadratic differ-
entials. This is an interpretation of the results obtained in [3,4,20] in terms
of trajectories of quadratic differentials. In particular, we find explicitly all
quasiconformal maps between cylinders of spherical annuli in the Heisenberg
group that dilate trajectories of a couple of given quadratic differentials. For
cylinders, there is only a 1-parameter family of such maps and for spherical
annuli, a 2-parameters family. This is a strong contrast with the classical
case where quasiconformal maps dilating horizontal trajectories of quadratic
differential generally exist at a large number.
The paper is organized as follow. The first section briefly presents Ru-
min complex and its Garfield-Lee decomposition. We also introduce another
differential differential complex on strictly pseudoconvex CR manifold with
a finite dimensional cohomology space that we compute in the case of mani-
folds endowed with a CR action of the circle. Section 2 introduces quadratic
differentials on (spherical or not) CR manifolds. For that, we begin with
a description of the splitting of Rumin complex in spherical CR geometry.
Then, we define quadratic differentials on strictly pseudoconvex CR man-
ifolds and its first geometric features. After that, we define the operators
D′2, D′′2 and B2 on quadratic differentials and explain how one can extend
them to operators on forms of any positive degree. The last section deals
with extremal quasiconformal maps in the Heisenberg group as maps di-
lating trajectories of quadratic differentials. First, we recall the notions of
quasiconformal maps and of modulus of a curve family in the case of the
Heisenberg group. Then, we express the quadratic differentials involved in
known examples of extremal quasiconformal maps in the Heisenberg group
and maps dilating trajectories of those quadratic differentials.
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1 Rumin complex and its splitting
1.1 Rumin complex on contact manifolds
Let M be an orientable 3-manifold with a contact structure P, that is,
P ⊂ TM is a rank 2 distribution defined locally as the kernel of a 1-form ω
such that ω ∧ dω is nowhere zero; and so, (dω)|P is nondegenerate. On such
manifolds, Rumin [17] defined a differential complex as follow.
Let Ω•(M) be the algebra of differential forms onM . If U is a (sufficiently
small) open subset of M , let ωU be a 1-form on U with kernel P. Then, two
such forms only differ by multiplication with a nowhere vanishing real valued
function so that the differential ideal generated by all these ωU , denoted I•,
is well defined. To be precise, for every integer k, with the convention that
Ωk = {0} if k < 0,
Ik = {γ ∈ Ωk(M) | ∀ωU with P = kerωU , γ = ωU ∧ α+ dωU ∧ β
with α ∈ Ωk−1(U), β ∈ Ωk−2(U)}.
Consider also F • the annihilator of I•. That is, for every integer k,
F k = {α ∈ Ωk(M) | ∀ωU with P = kerωU , α ∧ ωU = α ∧ dωU = 0}.
Moreover, let Ek := Ω
k(M)upslopeIk, then it is easy to see that
E0 = C∞(M), E1 = Ω
1(M)upslope< ωU >, E
k = {0} if k ≥ 2,
F 2 = {α ∈ Ω2(M) | ∀ωU with P = kerωU , ωU ∧α = 0}, F 3 = Ω3(M) and
F k = {0} if k ≤ 1.
We have then two natural differential operators
dP = prE1 ◦ d : E0 −→ E1 and dP = d|F 2 : F 2 −→ F 3
where prE1 is the canonical projection from Ω1(M) to E1. In order to get
a differential complex, one needs to define an operator D : E1 −→ F 2 such
that dP ◦ D : E1 −→ F 3 and D ◦ dP : E0 −→ F 2 vanish. Rumin in [17]
defines D : E1 −→ F 2 in the following way.
Lemma 1.1.1. If α ∈ E1, there is a unique representative γ ∈ Ω1(M) of α
such that dγ ∈ F 2, then,
Dα = dγ.
Proof. If β ∈ Ω1 represents α, locally, there is a unique function fU ∈ C∞(U)
such that
ωU ∧ d(β + fUωU ) = 0
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Indeed, if fU ∈ C∞(U), then
ωU ∧ d(β + fUωU ) = ωU ∧ (dβ + dfU ∧ ωU + fUdωU ) = ωU ∧ (dβ + fUdωU ).
Thus,
ωU ∧ d(β + fUωU ) = 0 ⇐⇒ (dβ + fUdωU )|P = 0.
Since (dωU )|P is nondegenerate, there is a unique such function.
So, there is a unique α˜U ∈ Ω1(U) representing α on U and such that dα˜U ∈
F 2(U). Uniqueness ensures that these α˜U define a global 1-form α ∈ Ω1(M)
representing α and such that dα˜ ∈ F 2(M).
D being defined, we just have to verify that dP ◦D and D ◦ dP vanish.
If α ∈ E1, let γ ∈ Ω1 be the unique representative of α such that dγ ∈ F 2.
Then,
(dP ◦D)α = (d ◦ d)γ = 0.
If f ∈ C∞(M), by definition of dP, df is a representative of dPf and
d(df) = 0 ∈ F 2. By definition of D,
(D ◦ dP)f = d(df) = 0.
Definition 1.1.2. Rumin’s complex is the differential complex
0 −→ R −→ E0 dP−→ E1 D−→ F 2 dP−→ F 3 −→ 0.
We write HkR(M) the cohomology spaces corresponding to this complex.
It is proved in [17] that this complex is locally exact and so it is an acyclic
resolution of the constant sheaf. Its cohomology spaces are then isomorphic
to the corresponding ones in de Rham cohomology. In the following, we will
denote H•dR(M) the de Rham cohomology.
Remark 1.1.3. The spaces Ek and F k can be interpreted as spaces of sections
of vector bundles. Let A be the subbundle of T ∗M of forms vanishing on
the contact distribution P. Then, E1 is the space of sections of the bundle
∧1 = T ∗MupslopeA ' P∗.
Let ∧2 be the subbundle of ∧2T ∗M of forms vanishing on P2, then F 2 is the
space of sections of ∧2.
1.2 Splitting of Rumin complex on strictly pseudo-
convex CR manifolds
In [10], the authors gave a decomposition of the Rumin complex on a strictly
pseudoconvex CR manifold. We emphase that the decomposition of the
spaces Ek, F k and of the operators dP and D appeared in Rumin’s work
[17].
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Definition 1.2.1. A CR structure on a 2n + 1 dimensional manifold M is
a rank n subbundle V ⊂ CTM such that
V ∩ V = {0} and [C∞(U, V|U ), C∞(U, V|U )] ⊂ C∞(U, V|U )
for every open set U in M .
If M is a 3-dimensional manifold, the second condition is automatically
verified for every rank 1 subbundle V ⊂ CTM .
A strictly pseudoconvex CR manifold is a CR manifold (M,V ) such that
V ⊕ V is a (complex) contact structure on M .
Let now (M,V ) be a 3-dimensional strictly pseudoconvex CR manifold.
Then, P = V ⊕ V is a contact structure on M and we can consider Rumin
complex on M . In order to decompose the Rumin complex, a first step is
to decompose the spaces Ek and F k. Let p, q be non-negative integers, then
define
Ep,q = {α ∈ Ep+q | ∃γ ∈ Ωp+q s.t. prE1(γ) = α and γ|V⊕V is of type (p, q)}
and
F p,q = {γ ∈ F p+q | (ιXγ)|V⊕V is of type (p− 1, q) ∀X /∈ V ⊕ V }
with the standard convention that a (p, q)-form with p < 0 or q < 0 is 0.
The only non-trivial spaces are
E0,0 = C∞(M,C), E1,0, E0,1, F 2,0, F 1,1 and F 2,1 = Ω3(M,C).
It is also clear that CEk = ⊕p+q=kEp,q and CF k = ⊕p+q=kF p,q and, for
p+ q 6= 1, dP induces
dP : E
p,q −→ Ep+1,q ⊕ Ep,q+1 and dP : F p,q −→ F p+1,q ⊕ F p,q+1
which allows us to decompose dP in two operators d′ : Rp,q −→ Rp+1,q and
d′′ : Rp,q −→ Rp,q+1 where Rp,q = Ep,q if p+ q ≤ 1 and F p,q if not.
When p+ q = 1, things are not as easy. In general,
D : Ep,q −→ F p+1,q ⊕ F p,q+1 ⊕ F p+2,q−1,
which gives a decomposition in three operators
D′ : Ep,q −→ F p+1,q, D′′ : Ep,q −→ F p,q+1 and D+ : Ep,q −→ F p+2,q−1.
To be precise,
D : E1,0 −→ F 2,0 ⊕ F 1,1
so that D+ vanishes on E1,0 and
D : E0,1 −→ F 1,1 ⊕ F 2,0
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which means that D′′ vanishes on E0,1. Relations dP ◦D = D ◦ dP = 0 and
the decomposition according to the bidegree give the following:
d′′D′′ = D′′d′′ = 0,
d′D′′ + d′′D′ = D′d′′ + D′′d′ = 0,
d′D+ = D+d′ = 0,
d′D′ + d′′D+ = D′d′ + D+d′′ = 0
Remark 1.2.2. We don’t obtain a double complex since d′D′ and D′d′ don’t
vanish.
Definition 1.2.3. The Garfield-Lee complexes are given by the operators
d′′ and D′′. That is, the three complexes
0 −→ CR (M) −→ E0,0 d′′−→ E0,1 D′′−→ 0
0 −→ ker (D′′ : E1,0 −→ F 1,1) −→ E1,0 D′′−→ F 1,1 d′′−→ 0
0 −→ ker (d′′ : F 2,0 −→ F 2,1) −→ F 2,0 d′′−→ F 2,1 −→ 0.
Their cohomology spaces are denoted Hp,qG−L(M).
It is clear that the Hp,qG−L are CR invariants of the manifold. Moreover,
Theorem 1 in [10] states that theHp,qG−L are isomorphic to their corresponding
spaces in the ∂b-complex.
Remark 1.2.4. As for Rumin complex, we can see spaces Ep,q and F p,q as
spaces of sections of complex line bundles. Let B1,0 (resp. B0,1) be the
subbundle of CT ∗M of forms vanishing on V (resp. the subbundle of CT ∗M
of forms vanishing on V ). Then, E1,0 is the space of sections of
∧1,0 = B1,0upslopeA ' V ∗
and E0,1 is the space of sections of
∧0,1 = B0,1upslopeA ' V
∗
.
Let ∧1,1 (resp. ∧2,0) be the subbundle of ∧2 of forms with vanishing interior
product with every vector of V (resp. the subbundle of ∧2 of forms with
vanishing interior product with every vector of V ). Then F 1,1 is the space
of sections of ∧1,1 and F 2,0 is the space of sections of ∧2,0.
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1.3 Another differential complex, definitions and
computations
Definition of the complex
Let us introduce a new differential complex on strictly pseudoconvex 3-
dimensional CR manifolds heavily inspired by Rumin complex and its split-
ting. Let (M,V ) be a compact strictly pseudoconvex 3-dimensional CR man-
ifold. We consider again spaces Ep,q, F p,q and operators dP,d′,d′′,D,D′,D′′
and D+. The complex is:
0 −→ C −→ CR(M) dP−→ E1,0 D−→ F 2 dP−→ F 3 −→ 0.
where CR(M) is the space of CR functions on M . In the case of compact
Riemann surfaces, the space of holomorphic forms is the space of d-closed
(1, 0)-forms. Since there are no nonconstant holomorphic functions on com-
pact Riemann surfaces, there are no d-exact (1, 0)-forms except 0. Meaning
that, the space of holomorphic forms on a compact Riemann surface identi-
fies with the space
{closed (1, 0)-form}upslope{exact (1, 0)-form}.
Thus, we will be interested in the space:
H1,0(M) = ker
(
D|E1,0 : E1,0 −→ F 2
)
upslope
Im
(
dP|CR(M) : CR(M) −→ E1,0
)
.
Since the space H1,0(M) takes into account only (1, 0)-forms, we can notice
that Im
(
dP|CR(M) : CR(M) −→ E1,0
)
= E1,0∩Im (dP : C∞(M) −→ E1) so
that
H1,0(M) = E
1,0 ∩ ker (D : E1 −→ F 2)upslopeE1,0 ∩ Im (dP : C∞(M) −→ E1). (1)
The advantage of the space H1,0(M) is that it is finite dimensional.
Proposition 1.3.1. Let (M,V ) be a strictly pseudoconvex 3-dimensional
CR manifold, then
dimC
(
H1,0(M)
) ≤ dimC(H1dR(M,C)).
Proof. The restriction to ker(D : E1 −→ F 2)∩E1,0 of the canonical projec-
tion from ker(D : E1 −→ F 2) to H1R(M,C) has kernel Im(dP)∩E1,0 so that
it induces an injective morphism from H1,0 to H1R(M,C). Since H1R(M,C)
is isomorphic to H1dR(M,C) we get the result.
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It is easy to see that Rumin’s operators dP and D are natural (that is,
for every contact transform f : (M,PM ) −→ (N,PN ), f∗ ◦D = D ◦ f∗ and
f∗ ◦ dP = dP ◦ f∗). Moreover, a CR diffeomorphism preserves the bidegree.
Therefore, H1,0 is a CR invariant :
Proposition 1.3.2. Let (M,V ) and (N,W ) be strictly pseudoconvex 3-
dimensional CR manifolds and f : M −→ N be a CR diffeomorphism. Then
f∗ induces an isomorphism from H1,0(N) on H1,0(M).
Circle bundles over surfaces
An important class of 3-dimensional manifolds is formed by circle bundles
over surfaces. Let (M,V ) be a strictly pseudoconvex 3-dimensional CR
compact manifold endowed with a free action of U(1). The quotient Σ =
MupslopeU(1) is a compact surface of genus g and we denote Π : M −→ Σ the
projection. Since Π is a submersion, it induces an injective morphism Π∗ :
H1dR(Σ,C) −→ H1dR(M,C) and, since prE1 : Ω•(M) −→ E1 induces an
isomorphism from H1dR(M) to H
1
R(M), Π
∗
= prE1 ◦Π∗ : Ω1(Σ) −→ E1 also
induces an injective morphism φ : H1dR(Σ) −→ H1R(M). First, we recall the
following well-known for completeness sake.
Lemma 1.3.3. Let N be a circle bundle over a compact surface S of genus
g and let e be the Euler class of the bundle. Then{
dim(H1dR(N)) = 2g, if e 6= 0
dim(H1dR(N)) = 2g + 1, if e = 0
.
Proof. Gysin long exact sequence reads here as:
0→ H1dR(S)→ H1dR(N)→ H0dR(S) e∧→ H2dR(S)→ H2dR(N)→ H1dR(S)→ 0
where e∧ is the exterior product by e. If e 6= 0, then e∧ is an isomorphism.
So, we have the following exact sequence:
0 −→ H1dR(S) −→ H1dR(N) −→ H0dR(S) −→ H2dR(S) −→ 0.
If e = 0, then we have:
0 −→ H1dR(S) −→ H1dR(N) −→ H0dR(S) −→ 0.
Since we know HkdR(S), the result follows easily.
This lemma has as important consequence that Π∗ : H1dR(Σ,C) −→
H1dR(M,C) is in fact an isomorphism as well as φ : H1dR(Σ) −→ H1R(M)
when the circle bundle has non-vanishing Euler class. Moreover, we saw
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that we can see H1,0(M) as a subset of H1R(M,C). Consequently, in the
case of a circle bundle with non vanishing Euler class, H1,0(M) is isomor-
phic to a subspace of H1dR(Σ,C).
We now compute explicitly H1,0 for compact CR circle bundles. Let R
be the global vector field induced by the U(1)-action on the CR manifold
(M,V ). We say that the U(1)-action is transversal if for each x ∈M
CTxM = CRx ⊕ Vx ⊕ V x
and the action is said CR if
[R,Γ(V )] ⊂ Γ(V )
where Γ(V ) refers to the space of sections of V . A CR circle bundle is a
strictly pseudoconvex CR manifold endowed with a free, transversal, CR
action of U(1). Let (M,V ) be a CR circle bundle, R the vector field induced
by the U(1) action and denote ω its dual form (that is, ω(R) = 1 and
ω|V⊕V = 0). Then, ω is a (global) contact form onM and R is its associated
Reeb vector field. For the computation of H1,0(M) we have to recall a few
facts about pseudohermitian manifolds.
A pseudohermitian structure on a manifold N is a pair (ω, J) where ω
is a contact form on M and (P = ker(ω), J) is a CR structure on N . From
the discussion above, a CR circle bundle admits a natural pseudohermitian
structure. One can define a natural connection on a pseudohermitian mani-
fold: the Tanaka-Webser connection (see [18,22]).
Definition 1.3.4. Let (N,ω, J) be a pseudohermitian manifold. Then, there
is a unique connection ∇ : Γ(TM) −→ Γ(T ∗M ⊗ TM) such that
1. for each X ∈ Γ(TM), ∇X (Γ(P)) ⊂ Γ(P),
2. ∇R = 0, ∇J = 0, ∇dω = 0,
3. its torsion T satisfies
∀X,Y ∈ Γ(P), T (X,Y ) = dω(X,Y )R and
∀X ∈ Γ(TM), T (R, JX) + JT (R,X) = 0.
T (R, .) is called the pseudohermitian torsion of the manifold.
Webster [22, p. 33] proved that the pseudohermitian torsion vanishes if
and only if the Reeb vector field induces a 1-parameter family of CR automor-
phisms. In particular, a CR circle bundle has a vanishing pseudohermitian
torsion. The Webster metric g on a pseudohermitian manifold is defined by
g(X,Y ) = dω(X, JY ), g(X,R) = g(R,X) = 0, g(R,R) = 1
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for every X,Y ∈ Γ(P). This metric canonically extends to differential forms.
Once a metric is given, we can identify E1 with the orthogonal of I1 and then,
define the adjoint operators of D and dP denoted D∗ and δP respectively.
Following Rumin [17, p. 290], define the laplacian
∆P = D
∗D + (dPδP)2 on E1.
Then, Rumin proved a Hodge decomposition. If (N,ω, J) is a compact
pseudohermitian manifold, then we have an orthogonal decomposition
E1 = ker ∆P ⊕ Im ∆P.
Moreover,
ker D = ker ∆P ⊕ Im dP. (2)
He also showed (see e.g. [17, p. 312]) that ∆P preserves the bidegree when
the manifold has vanishing pseudohermitian torsion which leads to:
Proposition 1.3.5. Let M be a compact CR circle bundle. Then H1,0 is
isomorphic to E1,0 ∩ ker ∆P.
Proof. Let Ψ : E1 −→ ker ∆P be the orthogonal projection. First, we
show that Ψ
(
E1,0
) ⊂ E1,0. Take α = β + ∆Pγ ∈ E1,0 with ∆Pβ = 0 and
decompose β = β1,0 +β0,1, γ = γ1,0 +γ0,1 with βp,q, γp,q ∈ Ep,q. Then, since
α ∈ E1,0, ∆Pβ = 0 and ∆P preserves the bidegree,
β0,1 = −∆Pγ0,1 and ∆Pβ0,1 = 0.
Therefore, β0,1 ∈ ker ∆P ∩ Im ∆P = {0}.
Now, consider Ψ|E1,0∩ker D. Then, using the decomposition 2, its kernel
is exactly E1,0 ∩ Im dP. Thus Ψ|E1,0∩ker D induces an injective linear map
Ψ : H1,0 −→ E1,0 ∩ ker ∆P.
The surjectivity of Ψ follows from ker ∆P ⊂ ker D.
The fact that ∆P preserves the bidegree also induces a decomposition of
H1R for compact pseudohermitian manifolds with vanishing pseudohermitian
torsion. Namely, if (N,ω, J) is a compact pseudohermitian manifold with
vanishing pseudohermitian torsion, then
H1R(N) ' ker ∆P = E1,0 ∩ ker ∆P ⊕ E0,1 ∩ ker ∆P.
If M is a compact CR circle bundle, using Lemma 1.3.3, we get then,
dim
(
H1R(M)
)
= dim
(
H1dR(M)
)
= 2g
where g is the genus of MupslopeU(1). In conclusion, we have:
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Proposition 1.3.6. Let M be a compact CR circle bundle over a surface of
genus g. Then
dim
(
H1,0(M)
)
= g.
Even more explicitly, Σ = MupslopeU(1) inherits of a Riemann surface struc-
ture for which the projection Π : M −→ Σ is a CR map and Π∗ induces a
natural isomorphism from K(Σ) to H1,0 where K(Σ) is the space of holo-
morphic forms on Σ.
2 Quadratic differentials on (spherical) CR
manifolds
In this section, we introduce the notion of quadratic differential on spherical
CR manifolds and discuss its first features. Before that, in the first section
we describe the splitting of Rumin complex in spherical CR geometry. Then,
section 2.2 gives the general definition of a quadratic differential on a strictly
pseudoconvex CR manifold, explains what it induces in spherical CR geom-
etry and discusses the first geometric data given by a quadratic differential
such as trajectories and length. After that, we introduce several "operators
of holomorphy" on quadratic differentials in section 2.3. And finally explain
how those operators extend to forms of positive degree.
2.1 Description in spherical CR geometry
A (3-dimensional) spherical CR manifold is a CR manifold locally equivalent
to the unit sphere in C2 endowed with its standard CR structure. Another
local model of spherical CR geometry is the Heisenberg group. To begin, we
recall a few basic facts about it.
The Heisenberg group H is C× R endowed with the group law
(z, t)(z′, t′) = (z + z′, t+ t′ + 2=(zz′)).
The CR structure on it is given by VH = span(Z) where Z is the left invariant
vector field
Z =
∂
∂z
+ iz
∂
∂t
.
It is a strictly pseudoconvex one since VH ⊕ V H = ker(ω) where ω = dt −
izdz+izdz is a contact form. Moreover, it is well-known that (H, VH) is CR-
equivalent to the sphere S3 ⊂ C2 minus one point. The CR automorphism
group of S3 is the group of biholomorphisms of the unit ball, that is PU(2, 1)
which verifies a Liouville type theorem.
Theorem 2.1.1. Let ϕ : U −→ V be a CR diffeomorphism between open
subsets of S3, then ϕ is the restriction of a CR automorphism of S3.
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Thus, a spherical CR manifold can be seen as a manifold endowed with
a (PU(2, 1),H ∪ {∞}) (or a (PU(2, 1), S3)) structure. That is, a manifold
with an atlas of charts with values in H and transition functions in PU(2, 1).
Such an atlas will be called a spherical CR atlas. Having a spherical CR
atlas on a manifold will allow us to define (p, q)-forms with cocyle relations.
We now provide a description of forms and operators d′,d′′,D′,D′′ and D+
in open subsets ofH. For a general local description on strictly pseudoconvex
CR manifolds, one can refer to e.g. [1]. First notice that (Z,Z, T = ∂∂t) is a
frame of TH with dual coframe (dz,dz, ω) and easy computations show :
[Z,Z] = 2iT, [Z, T ] = [Z, T ] = 0, dω = 2idz ∧ dz.
Let α be a (p, q)-form in an open subset U of H. Then, α is of the following
form according to the value of (p, q):
p = q = 0 : α = f ;
p = 1, q = 0 : α = [fdz]ω;
p = 0, q = 1 : α = [fdz]ω;
p = q = 1 : α = fdz ∧ ω;
p = 2, q = 0 : α = fdz ∧ ω;
p = 2, q = 1 : α = fdz ∧ dz ∧ ω
where f ∈ C∞(U,C). Then, if f ∈ C∞(U,C) :
d′f = [Zfdz]ω , d′′f = [Zfdz]ω,
d′(fdz ∧ ω) = Zfdz ∧ dz ∧ ω and
d′′(fdz ∧ ω) = −Zfdz ∧ dz ∧ ω.
For E1,0, let fdz + hω with f, h ∈ C∞(U,C) be a representative of [fdz]ω.
Then we have
d(fdz + hω) =
(
2ih− Zf) dz ∧ dz + (Zh− Tf) dz ∧ ω + Zhdz ∧ ω.
Thus, d(fdz + hω) ∈ F 2 if and only if 2ih = Zf . Consequently,
D[fdz]ω = d
(
fdz +
1
2i
Zfω
)
=
(
1
2i
ZZf − Tf
)
dz ∧ ω + 1
2i
Z
2
dz ∧ ω.
Decomposing according to the bidegree gives
D′[fdz]ω =
(
1
2i
ZZf − Tf
)
dz ∧ ω and
13
D′′[fdz]ω =
1
2i
Z
2
fdz ∧ ω.
Doing the same thing for E0,1, we find
D′[fdz]ω =
(
1
2i
ZZf + Tf
)
ω ∧ dz and
D+[fdz]ω =
1
2i
Z2fω ∧ dz.
Now, let M be a manifold endowed with a spherical CR atlas (Ui, ϕi :
Ui → U ′i ⊂ H)i ∈ I. Let α be a (1, 0)-form on M . Since the ϕi are CR
diffeomorphisms,
α = ϕ∗i [fidz]ω on Ui, where fi ∈ C∞(U ′i ,C).
If (Uj , ϕj) is another chart, α = ϕ∗j [fjdz]ω on Uj , with fj ∈ C∞(U ′i ,C) and
so
[fidz]ω = [(fj ◦ gj,i)Zg1j,idz + (fj ◦ gj,i)Tg1j,iω]ω
on ϕi(Ui ∩ Uj) where gj,i(g1j,i, g2j,i) = ϕj ◦ ϕ−1i . Consequently :
fi = (fj ◦ gj,i)Zg1j,i on ϕi(Ui ∩ Uj).
Doing the same thing for (0, 1)-forms on M , we can provide the following
definition of (p, q)-forms (p+ q = 1).
Definition 2.1.2. A (1, 0)-form on a spherical CR manifoldM is a collection
of functions fi : U ′i −→ C, where (Ui, ϕi : Ui −→ U ′i)i is an atlas of M , such
that
(fj ◦ gj,i)Zg1j,i = fi on ϕi(Ui ∩ Uj), where gj,i = ϕj ◦ ϕ−1i .
A (0, 1)-form on a spherical CR manifold M is a collection of functions
fi : U
′
i −→ C, where (Ui, ϕi : Ui −→ U ′i)i is an atlas of M , such that
(fj ◦ gj,i)Zg1j,i = fi on ϕi(Ui ∩ Uj), where gj,i = ϕj ◦ ϕ−1i .
Since the operators D′,D′′ and D+ commute with CR maps, we can
define:
Definition 2.1.3. Let M be a spherical CR manifold.
1. Let α = (fi)i be a (1, 0)-form on M. Then α is said:
• D′-closed if for every i,
ZZfi = 2iTfi,
• D′′-closed if for every i,
Z
2
fi = 0.
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2. Let α = (fi)i be a (0, 1)-form on M. Then α is said:
• D′-closed if for every i,
iZZfi = 2Tfi,
• D+-closed if for every i,
Z2fi = 0.
2.2 General definition and geometry induced by a
quadratic differential
Remark 1.2.4 indicated that we can see (1, 0)-forms on a strictly pseudocon-
vex CR manifold as smooth sections of the line bundle ∧1,0 which is defined
as the quotient of the space of forms vanishing on the conjugate of the CR
distribution by the space of forms vanishing on the contact distribution. The
remark also indicated that this line bundle is naturally isomorphic to the dual
of the CR distribution. It is then tempting to see ∧1,0 as analogue to the
canonical bundle of a Riemann surface. With that in mind, the definition of
a quadratic differential is natural.
Definition 2.2.1 (Quadratic differential). A quadratic differential on a
strictly pseudoconvex CR manifold is a smooth section of the line bundle
∧1,0 ⊗ ∧1,0.
As for (1, 0)-forms, one can understand quadratic differentials on a spher-
ical CR manifold in terms of cocycle relations. LetM be a manifold endowed
with a spherical CR atlas (Ui, ϕi : Ui → U ′i ⊂ H)i∈I . On every open sub-
set of H, a quadratic differential is the class modulo the contact form of a
form of type fdz2. We write such classes [fdz2]ω. Then, if q is a quadratic
differential on M , in every chart (Ui, ϕi) we have
q = ϕ∗i [qidz
2]ω
with qi ∈ C∞(U ′i ,C). Since q is globally defined on M , if Ui ∩ Uj 6= ∅ we
must have
[qidz
2]ω = g
∗
j,i[qjdz
2]ω on ϕi(Ui ∩ Uj) where gj,i = ϕj ◦ ϕ−1i .
That is
[qidz
2]ω = [(qj ◦ gj,i)
(
Zg1j,i
)2
dz2]ω on ϕi(Ui ∩ Uj) where gj,i = ϕj ◦ ϕ−1i
which legitimates the following definition.
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Definition 2.2.2 (Quadratic differential on a spherical CR manifold). A
quadratic differential on a spherical CR manifold M with spherical CR
atlas (Ui, ϕi)i∈I is a collection of smooth complex valued functions qi ∈
C∞(ϕi(Ui)) satisfying for every i, j ∈ I
qi = (qj ◦ gj,i)
(
Zg1j,i
)2 on ϕi(Ui ∩ Uj) where gj,i = ϕj ◦ ϕ−1i .
The first geometric data induced by a quadratic differential on a strictly
pseudoconvex manifold can be defined by analogy with the Riemann surface
case. However, since quadratic differentials are defined up to a contact form,
we shall restrict to Legendrian curves (that is curves everywhere tangent to
the contact distribution).
Definition 2.2.3 (Trajectories, length). Let (M,V ) be a strictly pseudo-
convex CR manifold and q be a (non-zero) quadratic differential on M . Let
also γ : I →M be a Legendrian parametrized curve on M
1. γ is called a
• horizontal trajectory of q if q(γ′(s)) > 0 for all s ∈ I;
• vertical trajectory of q if q(γ′(s)) < 0 for all s ∈ I.
We denote Horq and Verq the sets of horizontal and vertical trajectories
of q.
2.
√|q| is a length element that can be integrated along any legendrian
curve. Thus, we call the q-length of the curve γ, the number
lq(γ) =
∫
γ
√
|q|.
We will discuss about known examples of maps dilating trajectories of
quadratic differentials in section 3 but we define here what it means to dilate
trajectories of quadratic differentials.
Definition 2.2.4 (Contact map preserving/dilating trajectories of quadratic
differentials). Let (M,V ) and (M ′, V ′) be strictly pseudoconvex CR man-
ifolds and f : M → M ′ a contact map. Let q (resp. q′) be a quadratic
differential on (M,V ) (resp. on (M ′, V ′)). We say that f :
1. preserves (Horq,Horq′) if f(Horq) ⊂ Horq′ ;
2. dilates (Horq,Horq′) if f preserves (Horq,Horq′) and if there is a positive
number λ such that
lq′(f(δ)) = λlq(δ) for all δ ∈ Horq.
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2.3 Operators
We introduce here several operators on quadratic differentials on a spherical
CR manifold. One of the main features of holomorphic quadratic differentials
on a Riemann surface is the existence of natural coordinates : a non-zero
holomorphic quadratic differential on a Riemann surface q is, away from a
critical point, locally given by dw2 for a holomorphic coordinate w.
Let now q be a non-zero quadratic differential on a spherical CR manifold
M . We wish to find conditions on q under which around any point p where
q(p) 6= 0 there is a chart (U,ϕ) such that
q = ϕ∗[dz2]ω.
We will define 3 operators D′2, D′′2 and B2 on quadratic differentials such
that the following holds.
Proposition 2.3.1. Let q be a non-zero quadratic differential on a spherical
CR manifold M such that D′2q = 0, D′′2q = 0 and B2q = 0. Then, around
every point p ∈ M where q(p) 6= 0, there is a chart (U,ϕ) such that q =
ϕ∗[dz2]ω on U .
Moreover, two such charts differ only by translation and sign, that is by
(z, t) 7→ (±z + z0, t+ t0 + 2=(±zz0)).
Let q be a quadratic differential on a spherical CR manifold M . As
stated, we want q to be locally of the form ϕ∗[dz2]ω for a chart (U,ϕ). It
means that we want q = (dPϕ1)2 modulo the contact form ϕ∗ω on U where
ϕ = (ϕ1, ϕ2) : U → U ′ ⊂ H is a CR diffeomorphism. Thus, we first want to
express conditions for a quadratic differential to be locally the square of the
differential of a CR function or equivalently the pull-back by a CR function
of the quadratic form dw2 in C.
The corresponding question for (1, 0)-forms can be answered by the an-
nulment of the operator D. More precisely, if α ∈ E1,0 is in the kernel of
D, then, since Rumin complex is locally exact, there is locally a function f
such that α = dPf . Moreover, since α ∈ E1,0, f must be a CR function.
Consequently, the first step is to find an operator D2 (split in two operators
D′2 and D′′2), that extends D to quadratic differentials.
To construct these operators D′2 and D′′2, we first define them on quadratic
differentials on open subsets of the Heisenberg group. Let [qdz2]ω be a
quadratic differential on an open subset U of H. Define :
D′2,H[qdz
2]ω =
(
2qZZq − ZqZq − 4iqTq) [dz3]ω ⊗ ω ∧ dz and
D′′2,H[qdz
2]ω =
(
2qZ
2
q − (Zq)2) [dz3]ω ⊗ ω ∧ dz.
Remark 2.3.2. The idea behind these operators is to apply D to the square
root of a quadratic differential q. Since D is a second order operator, we can
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multiply "D√q" by "q 32 " to obtain an operator acting on q and not on its
square root. After scale of constants and splitting in two, it gives D′2,H and
D′′2,H.
An idea of algebraic definition would be to define D′2(α ⊗ β) = α ⊗ β ⊗
α ⊗ D′β on pure tensors. However, one cannot immediately extend this to
quadratic differentials since it is not a linear operator but a quadratic one.
Thus, one needs to define the bilinear operator associated to D′2 in order to
extend the definition from pure tensors to quadratic differentials.
We can now use D′2,H and D
′′
2,H to define the following.
Definition 2.3.3. LetM be a spherical CR manifoldM with atlas (Ui, ϕi)i.
Then the following operators are well-defined (where Γ(E) refers to the space
of smooth sections of any line bundle E over M and ∧p,q for p + q = 2 are
those from remark 1.2.4):
D′2 : Γ
((∧1,0)⊗2) −→ Γ((∧1,0)⊗3 ⊗ ∧2,0)
q 7−→ ϕ∗iD′2,H[qidz2]ω on Ui where q = ϕ∗i [qidz2]ω
and
D′′2 : Γ
((∧1,0)⊗2) −→ Γ((∧1,0)⊗3 ⊗ ∧1,1)
q 7−→ ϕ∗iD′′2,H[qidz2]ω on Ui where q = ϕ∗i [qidz2]ω.
Proof. We have to prove that this definition doesn’t depend on the choice
of a chart (Ui, ϕi). For that, it is enough to show that D′2,H and D
′′
2,H
commute to all CR diffeomorphisms between open sets of the Heisenberg
group. We will prove it only for D′′2,H, the other one being proved the same
way. So, let [qdz2]ω be a quadratic differential on an open subset U of H and
g = (g1, g2) : U → V be a CR diffeomorphism. We begin with establishing
several formulas for the derivatives of g1. Since g is a CR diffeomorphism,
g1 is a CR function. From that, we deduce
ZZg1 = 2iTg1. (3)
Moreover, g2 + i|g1|2 is also a CR function. It leads to
Zg2 = −ig1Zg1 and, since g2 is real valued, Zg2 = ig1Zg1,
which gives, using [Z,Z] = 2iT ,
|Zg1|2 = Tg2 − ig1Tg1 + ig1Tg1.
Thus, we have
Z
(|Zg1|2) = TZg2 − iTg1Zg1 + ig1TZg1 = −2iTg1Zg1. (4)
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Since g∗[qdz2]ω = [(q ◦ g) (Zg1)2 dz2]ω, we need to compute
2(q ◦ g) (Zg1)2 Z2
(
(q ◦ g) (Zg1)2
)
and
(
Z
(
(q ◦ g) (Zg1)2
))2
. First, using
equation 3, we have :
Z
(
(q ◦ g) (Zg1)2
)
= Zq(g)Zg1|Zg1|2 + 4i(q ◦ g)Zg1Tg1.
Using equation 4, it leads to :
2(q ◦ g) (Zg1)2 Z2
(
(q ◦ g) (Zg1)2
)
= ((2qZ
2
q) ◦ g) (Zg1)2 |Zg1|4
+8i((qZq) ◦ g) (Zg1)2 Tg1|Zg1|2
−8(q2 ◦ g) (Zg1)2 (Tg1)2
= ((2qZ
2
q − (Zq)2) ◦ g) (Zg1)2 |Zg1|4
+
(
Z
(
(q ◦ g) (Zg1)2
))2
.
Consequently,
D′′2,Hg
∗[qdz2]ω =
((
2qZ
2
q − (Zq)2) ◦ q) (Zg1)3 Zg1|Zg1|2[dz3]ω ⊗ ω ∧ dz
= g∗D′′2,H[qdz
2]ω.
Proposition 2.3.4. Let q be a non-zero quadratic differential on a spherical
CR manifold M such that D′2q = 0 and D′′2q = 0. Then, every point p ∈ M
where q(p) 6= 0 has a neighborhood in which q = f∗dw2 for a complex valued
CR function f .
Proof. Let U be a small neighborhood of p in which q doesn’t vanish and
q = ϕ∗[αdz2]ω where ϕ : U → U ′ ⊂ H is a CR diffeomorphism and α ∈
C∞(U ′). Then, D′2,H[αdz
2]ω = 0, D′′2,H[αdz
2]ω = 0 and α doesn’t vanish on
U ′. Since α doesn’t vanish on U ′, we can choose a square root of α,
√
α and
consider β = [
√
αdz]ω. It is then easy to see that Dβ = 0 so that β = dPf ,
locally around ϕ(p) for a CR function f . Thus,
[αdz2]ω = f
∗dw2
and
q = ϕ∗[αdz2]ω = (f ◦ ϕ)∗dw2.
Now, we want to get from a CR function to the complex part of a CR map.
For that, we shall already answer the following question : let f : U ⊂ H → C
be a CR function, under what condition on f can we find a real valued
function h : U → R such that (f, h) is a CR map ?
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It is about solving a system of partial differential equations. Assume we
have such a function h. Then h+ i|f |2 is a CR function. Consequently
Zh = −ifZf and, since h is real, Zh = ifZf.
Thus, we also have
Th = |Zf |2 + ifTf − ifTf.
To sum up, we need to solve the system :
Zh = ifZf
Zh = −ifZf
Th = |Zf |2 + ifTf − ifTf
.
Since we are only interested by a local result, we just have to see when the
real 1-form
β = ifZfdz − ifZfdz + (|Zf |2 + ifTf − ifTf)ω
is closed. After computations, we see that β is closed if and only if
Z
(|Zf |2) = −2iTfZf.
What is interesting here is that, assuming Zf doesn’t vanish and denoting
Zf =
√
q, the last equation is equivalent to
Z
(|q|2)+ qZq = 0.
It then gives an operator
B2,H[qdz2]ω =
(
Z
(|q|2)+ qZq)ω ∧ dz ⊗ ω.
It is remarkable that this operator also commute to CR diffeomorphisms (it
can be proved easily with the same kind of computations than the ones from
the proof of Definition 2.3.3). Thus, we can define :
Definition 2.3.5. LetM be a spherical CR manifoldM with atlas (Ui, ϕi)i.
Then the following operator is well-defined (where Γ(E) refers to the space
of smooth sections of any line bundle E over M and A is the line bundle
defined in remark 1.1.3):
B2 : Γ
((∧1,0)⊗2) −→ Γ (∧1,1 ⊗A)
q 7−→ ϕ∗iB2,H[qidz2]ω on Ui where q = ϕ∗i [qidz2]ω
.
Now that the operators are defined, we are in position to prove Proposi-
tion 2.3.1.
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Proof of Proposition 2.3.1. Let q be a non-zero quadratic differential on a
spherical CR manifoldM and take a small neighborhood U of a point p ∈M
where q doesn’t vanish and where q = ϕ∗[αdz2]ω for a chart (U,ϕ) and a
function α ∈ C∞(ϕ(U)). Then, D′2,H[αdz2]ω = 0 and D′′2,H[αdz2]ω = 0
so, according to Proposition 2.3.4, there is locally a CR function f such
that α = (Zf)2. Now, B2,H[(Zf)2 dz2]ω = 0 ensures that the real form
ifZfdz− ifZfdz+(|Zf |2 + ifTf − ifTf)ω is closed. Consequently, there
is locally a real valued function h such that (f, h) is a CR map. Finally,
since Zf(ϕ(p)) 6= 0, the inverse function theorem ensures that (f, h) is a
diffeomorphism on a small neighborhood V of ϕ(p). Thus,
[αdz2]ω = g
∗[dz2]ω
where g = (f, h) and so, ((g ◦ ϕ)−1(V ), g ◦ ϕ) is a chart around p where
q = (g ◦ ϕ)∗[dz2]ω.
For the second part, one just has to notice that if g = (g1, g2) is a CR
diffeomorphisms between open subset of the Heisenberg group satisfying
(Zg1)
2 = 1, then g : (z, t) 7→ (±z + z0, t+ t0 ± 2=(zz0)).
2.4 Extension to forms of positive order
Let k ≥ 2 be an integer. We call form of degree k on a strictly pseudocon-
vex CR manifold any smooth section of the line bundle
(∧1,0)⊗k. As for
quadratic differentials, we can understand those in terms of cocycle relations
in the spherical CR case.
Definition 2.4.1 (k-form on a spherical CR manifold). A form of degree k
on a spherical CR manifold M with spherical CR atlas (Ui, ϕi : Ui → U ′i ⊂
H)i∈I is a collection of smooth functions αi ∈ C∞(U ′i) satisfying for every
i, j ∈ I
αi = (αj ◦ gj,i)
(
Zg1j,i
)k on ϕi(Ui ∩ Uj) where gj,i = ϕj ◦ ϕ−1i .
The idea behind operators D′2 and D′′2 given in remark 2.3.2 can be used
to define operators on k-forms. Namely, let [αdzk]ω be a k-form on an open
subset of H and define :
D′k,H[αdz
k]ω =
(
kαZZα+ (1− k)ZαZα− 2ikαTα) [dz2k−1]ω ⊗ ω ∧ dz and
D′′k,H[αdz
k]ω =
(
kαZ
2
α+ (1− k) (Zα)2) [dz2k−1]ω ⊗ ω ∧ dz.
Then, one can easily verify that for every CR diffeomorphism g we have
D′k,Hg
∗ = g∗D′k,H and D
′′
k,Hg
∗ = g∗D′′k,H.
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Moreover, the operator B2,H can also be extended to k-forms as :
Bk,H[αdzk]ω =
(
Z
(|α|2)+ αZα)ω ∧ dz ⊗ ωk−1
and we still have
Bk,Hg∗ = g∗Bk,H
for every CR diffeomorphism g. Thus, D′k,H, D
′′
k,H and Bk,H can be used to
define operators on k-forms on a spherical CR manifold.
Definition 2.4.2. Let (Ui, ϕi)i be a spherical CR atlas of a manifoldM and
α be a k-form on M . Then the following operators are well define
D′k : Γ
((∧1,0)⊗k) −→ Γ((∧1,0)⊗2k−1 ⊗ ∧2,0)
α 7−→ ϕ∗iD′k,H[αidzk]ω where α = ϕ∗i [αidzk]ω,
D′′k : Γ
((∧1,0)⊗k) −→ Γ((∧1,0)⊗2k−1 ⊗ ∧1,1)
α 7−→ ϕ∗iD′′k,H[αidzk]ω where α = ϕ∗i [αidzk]ω
and
Bk : Γ
((∧1,0)⊗k) −→ Γ (∧1,1 ⊗Ak−1)
α 7−→ ϕ∗iBk[αidzk]ω where α = ϕ∗i [αidzk]ω;
Moreover, as for quadratic differentials, the following holds.
Proposition 2.4.3. Let α be a non-zero k-form on a spherical CR manifold
such that D′kα = 0 and D
′′
kα = 0. Then, every point p ∈ M where α(p) 6= 0
has a neighborhood in which
α = f∗dwk
for a complex valued CR function f .
In addition, if we also have Bkα = 0, then around every point p where α
doesn’t vanish, there is a chart (U,ϕ) in which
α = ϕ∗[dzk]ω.
3 Quasiconformal mappings preserving tra-
jectories of quadratic differentials
3.1 Quasiconformal mappings and moduli of curve
families in the Heisenberg group
Before getting to the examples, we briefly present the theory of quasicon-
formal maps in the Heinseberg group, for details, refer to [13, 14]. The
Heisenberg group is endowed with a left invariant metric
dH(p, q) := ‖p−1q‖H
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where ‖(z, t)‖H :=
(|z|4 + t2) 14 is the Heisenberg norm. By analogy with
the classical case, a homeomorphism f : Ω −→ Ω′ between domains of H is
called quasiconformal if
H(p, f) := lim sup
r→0
max
dH(p,q)=r
dH(f(p), f(q))
min
dH(p,q)=r
dH(f(p), f(q))
, p ∈ Ω
is uniformly bounded. We say that f is K-quasiconformal if ‖H(., f)‖L∞ ≤
K. As in the case of the complex plane, we have equivalent analytic defi-
nitions of quasiconformality. A sufficiently regular (C2 is enough) quasicon-
formal map between domains of H has to be a contact map for the contact
structure induced by the form ω = dt− izdz+ izdz, meaning that f∗ω = λω
for a nowhere vanishing real function λ. Moreover, denoting f = (f1, f2)
with f1 the complex part of the map and f2 the real one, then, if f is an
orientation-preserving quasiconformal map, it satisfies a system of PDEs
quite similar to Beltrami equation. Indeed, in that case, there is a complex
valued function µ ∈ L∞ (called Beltrami coefficient) with ‖µ‖L∞ < 1 such
that
Zf1 = µZf1 and Z
(
f2 + i|f1|2
)
= µZ
(
f2 + i|f1|2
)
a.e.
Define the distortion function of the map f by
K(p, f) :=
1 + |µ(p)|
1− |µ(p)| =
|Zf1(p)|+ |Zf1(p)|
|Zf1(p)| − |Zf1(p)|
for p ∈ Ω where it makes sense and the maximal distortion of f by
Kf := ess sup
p∈Ω
K(p, f).
It is known that a conformal (i.e. 1-quasiconformal) map f : Ω −→ Ω′ is the
restriction to Ω of the action of an element of SU(2, 1) (see [13, p. 337] for
the smooth case and [7, p. 869] for the general one).
By analogy with the case of the complex plane, in order to understand
extremal properties of a quasiconformal map between domains of H, we look
at its behaviour on a well chosen family of Legendrian curves that foliates
the domain. First, let γ = (γ1, γ2) : I −→ H be a C1 curve. γ is Legendrian
if and only if
γ˙2(s) = −2=(γ1(s)γ˙1(s)) for every s ∈ I.
Then, let Γ be a family of Legendrian curves in a domain Ω of H. Denote
adm(Γ) the set of measurable Borel functions ρ : Ω −→ [0,∞] such that∫
γ
ρdl =
∫ b
a
ρ(γ(s))|γ˙1(s)|ds ≥ 1
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for every curve γ :]a, b[−→ Ω in Γ. Elements of adm(Γ) are called densities.
Define the modulus of Γ by
M(Γ) = inf
ρ∈adm(Γ)
∫
Ω
ρ4dL3
where dL3 is the Lebesgue measure on R3. A density ρ0 is said extremal for
Γ if
M(Γ) =
∫
Ω
ρ40dL
3.
Then, we have the following theorem (see e.g. [3, p. 177]).
Theorem 3.1.1. Let f : Ω −→ Ω′ be a quasiconformal map between domains
in H and Γ a family of Legendrian curves in Ω. Then
1. for all ρ˜ ∈ adm(f(Γ)),
M(Γ) ≤
∫
Ω′
K(f−1(x), f)2ρ˜4(x)dL3(x),
2. for all ρ ∈ adm(Γ),
M(f(Γ)) ≤
∫
Ω
K(p, f)2ρ4(p)dL3(p),
3. and so
1
K2f
M(Γ) ≤M(f(Γ)) ≤ K2fM(Γ).
Let Ω,Ω′ be domains in H and F be a class of quasiconformal maps from
Ω to Ω′. Let f0 be an element of F . We say that f0 minimizes the maximal
distortion in F if
K2f0 = minf∈F
K2f
and f0 minimizes the mean distortion in F for the density ρ0 if∫
Ω
K(p, f0)
2ρ40(p)dL
3(p) = min
f∈F
∫
Ω
K(p, f)2ρ40(p)dL
3(p).
Using quasiconformal mappings in the Heisenberg group, one can define
the Teichmüller space of a spherical CR manifold (see [21]) so that under-
standing quasiconformal mappings minimizing the maximal distortion in a
class of quasiconformal mappings (for instance an isotopy class) is of general
interest. In that direction, Tang, in [19], constructed and prove uniqueness
of a quasiconformal map with minimal distortion between CR circle bundles
over flat tori. In [3, 4, 20], the authors constructed and prove uniqueness of
quasiconformal mappings minimizing a mean distortion functional between
several domains of the Heisenberg group. As in the case of Riemann surfaces,
these results were all obtained using well chosen family of curves.
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3.2 Quasiconformal maps dilating trajectories of a
quadratic differential
As an end, we provide examples of quasiconformal maps between domains
of H minimizing the maximal distortion or a mean distortion functional in a
class of quasiconformal maps and explicit the quadratic differentials involved
in those examples. We won’t deal with links between extremal densities and
quadratic differential annihilated by the operators defined in section 2.3, it
would be a subject for other investigations in the future. We just notice that
all quadratic differentials involved in the following examples annihilate both
D′2 and D′′2 which comes from their definitions as pull-backs by CR functions
of the quadratic differential dw2 on C.
Example 3.2.1. First, we begin with an example of a quasiconformal map
between domains of H with constant distortion. This example was given in
[3, p. 171] and is constructed using the projection P (z, t) = z. Consider a
rectangle Ra,b = {z ∈ C | 0 < <(z) < a, 0 < =(z) < b} with a, b > 0 foliated
by vertical lines
δx(s) = x+ is
for x ∈]0, a[ and s ∈]0, b[. Lifting such a vertical line to a Legendrian curve
in H gives a 1-parameter family of curves
δ˜x,t(s) = (x+ is, t−=((x+ is)2)).
In this way, we obtain a domain
Ω = {(z, t−=(z2)) ∈ H | z ∈ Ra,b, 0 < t < c}
where c > 0. And the curves δ˜x,t are vertical trajectories for the quadratic
differential
q = [dz2]ω.
Horizontal trajectories for q lying in Ω are the curves
δ˜y,t(s) = (s+ iy, t+ 2sy)
for s ∈]0, a[, y ∈]0, b[ and t+ 4ys ∈]0, c[. Consider another domain
Ω′ = {(z, t−=(z2)) ∈ H | z ∈ Ra′,b′ , 0 < t < c′}
with a′, b′, c′ > 0 such that
c′
c
=
a′b′
ab
.
For y ≥ 0, denote
∂Ωy = {(z, t−=(z2)) | =(z) = y}
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and consider the class F of all quasiconformal mappings f : Ω −→ Ω′ which
extend homeomorphically to the boundary with
f(∂Ω0) = ∂Ω
′
0 and f(∂Ωb) = ∂Ω
′
b′ .
Then, the map f0 defined by
f0(x+ iy, t) =
(
a′
a
x+ i
b′
b
y,
a′b′
ab
t
)
is a quasiconformal map in F which minimizes the maximal distortion in F .
Moreover, it is clear that f0 dilates the vertical and horizontal trajectories of
the quadratic differential [dz2]ω which is what is expected of a Teichmüller
homeomorphism.
Example 3.2.2. The second example is the counterpart of the previous ex-
ample using the projection Π(z, t) = t + i|z|2 (which is a CR function).
Consider again a rectangle Ra,b = {z ∈ C | 0 < <(z) < a, 0 < =(z) < b}
with a, b > 0 foliated by vertical lines
δx(s) = x+ is
for x ∈]0, a[ and s ∈]0, b[. Lifting such a vertical line to a Legendrian curve
in H gives the 1-parameter family of cylindrical radii:
δ˜z,t(s) = (sz, t)
with |z| = 1, 0 < t < a and 0 < s < √b. For 0 < c < 2pi, consider then the
domain
C = {(z, t) ∈ H | t+ i|z|2 ∈ Ra,b, 0 < arg(z) < c}.
The curves δ˜z,t for |z| = 1, 0 < arg(z) < c and t ∈]0, a[ are the vertical
trajectories of the quadratic differential
q = Π∗dw2 = [−4z2dz2]ω
on C. Horizontal trajectories for q lying in C are
γ˜z(s) =
(
ze
−i s
2|z|2 , s
)
for 0 < |z| < √b, 0 < s < a and 0 < arg(z) − s
2|z|2 < c. Consider another
domain
C ′ = {(z, t) ∈ H | t+ i|z|2 ∈ Ra′,b′ , 0 < arg(z) < c′}
with a′, b′ > 0, 0 < c′ < 2pi such that
bc
a
=
b′c′
a′
.
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Denote
∂Cy = {(z, t) ∈ C | |z| = √y}
and consider the class F of all quasiconformal maps f : C −→ C ′ which
extend homeomorphically to the boundary with
f(∂C0) = ∂C
′
0 and f(∂Cb) = ∂C
′
b′ .
Then, the map f0 defined by
f0(z, t) =
(√
b′
b
|z|eia
′b
ab′ arg(z),
a′
a
t
)
is a quasiconformal map in F which minimizes the maximal distortion in F .
Indeed, let ∆0 be the family of curves δ˜z,t :]0,
√
b[−→ C with |z| = 1, 0 < t <
a. Then, one can compute
M(∆0) =
8ac
27b
with extremal density
ρ0(z, t) =
2
3b
1
3 |z| 13
.
Moreover, let ∆ be the family of all Legendrian curves connecting ∂C0 and
∂Cb. Then, since ρ0 ∈ adm(∆), it is extremal for ∆. Thus,
M(∆) =
8ac
27b
.
Denote ∆′ the corresponding family in C ′. Then, by hypothesis on F , for
every f ∈ F one has
f(∆) = ∆′
and the third point in Theorem 3.1.1 gives for every f ∈ F
1
K2f
8ac
27b
≤ 8a
′c′
27b′
≤ K2f
8ac
27b
.
Thus, since bca =
b′c′
a′ , one has, for every f ∈ F ,
K2f ≥ max
((
a′b
ab′
)2
,
(
ab′
a′b
)2)
= K2f0 .
Meaning precisely that f0 minimizes the maximal distortion in F .
Moreover, we easily see that f0 dilates the vertical trajectories of [−4z2dz2]ω
by a factor
√
b′
b and the horizontal trajectories by a factor
a′
a .
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The next examples concern quasiconformal maps minimizing a mean dis-
tortion functional. They are the main objects considered in [3,4,20]. Most of
what follows is a redraft of [20] in terms of trajectories quadratic differentials.
We remind that a quadrilateral (Q, I1, I2) is the data of a subset Q of C
homeomorphic to a closed disk, with two distinguished parts of its boundary,
I1 and I2 that are disjoint, connected, non-empty and not reduced to a single
point. Such objects can be brought in the normal form of a rectangle Ra,b as
in the previous example. That is, there is a homeomorphism φ : Q → Ra,b
which is holomorphic in the interior of Q and sends I1 onto {0} × [0, b] and
I2 onto {a}× [0, b]. Moreover, the rectangle and φ are unique up to dilation.
A quasiconformal map between the quadrilaterals (Q, I1, I2) and (Q′, I ′1, I ′2)
is a homeomorphism from Q onto Q′ which is quasiconformal in the interior
of Q and sends Ii onto I ′i for i = 1, 2.
In what follows, we will consider two quadrilaterals (Q, I1, I2) and (Q′, I ′1, I ′2)
lying inside H where H is the upper half-plane. On these quadrilater-
als, there are natural holomorphic quadratic differentials to consider that
come from uniformization by rectangles (unique up to dilation which doesn’t
change the mains features such as horizontal/vertical trajectories). With
φ : Q → Ra,b and ψ : Q′ → Ra′,b′ denoting the uniformizations, these
holomorphic quadratic differentials are :
qQ = φ
∗dw2 and qQ′ = ψ∗dw2.
On Q (resp. Q′) we consider ΓQ (resp. ΓQ′) the family of horizontal
trajectories of qQ (resp. of qQ′) lying in Q (resp. in Q′) and connecting I1
and I2 (resp. connecting I ′1 and I ′2 ).
Lemma 3.2.3. Every curve in ΓQ has qQ-length a. Moreover, ρQ =
√
|qQ|
a
is extremal for ΓQ.
Proof. Let γ be a curve in ΓQ. Then, we can parametrize γ by γ : s 7→
φ−1(s+ iy) for some y ∈ [0, b] with s ∈ [0, a]. It is then clear that qQ(γ′) =
(φ′(γ(s))γ′(s))2 = 1 so that
lqQ(γ) =
∫ a
0
ds = a.
The extremality of ρQ follows immediately from the holomorphy of qQ.
Consider then the lifted quadrilaterals by the map Π : (z, t) 7→ t+ i|z|2 :
(Ω, J1, J2) and (Ω′, J ′1, J ′2) where Ω = Π−1(Q), Ji = Π−1(Ii), Ω′ = Π−1(Q′)
and J ′i = Π
−1(I ′i). On these lifted quadrilaterals, we define the quadratic
differentials
qΩ = Π
∗qQ = [−4z2qQ(t+ i|z|2)]ω and qΩ′ = Π∗qQ′ = [−4z2qQ′(t+ i|z|2)]ω.
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As for quadrilaterals, we call a quasiconformal map between the lifted quadri-
laterals (Ω, J1, J2) and (Ω′, J ′1, J ′2) a homeomorphism from Ω onto Ω′ which
is quasiconformal in the interior of Ω and maps Ji onto J ′i for i = 1, 2.
Denote ΓΩ (resp. ΓΩ′) the family of horizontal trajectories of qΩ (resp.
of qΩ′) that connect J1 and J2 (resp. J ′1 and J ′2).
Lemma 3.2.4. Every curve in ΓΩ has qΩ-length a.
Proof. Let γ = (γ1, γ2) be a curve in ΓΩ. Then, there is a curve δ in ΓQ
such that Π ◦ γ = δ. Moreover, we have:
qΩ(γ) = −4γ21qQ(δ)(γ˙1)2
= (2iγ1γ˙1)
2 qQ(δ)
= qQ(δ)(δ˙)
2
= 1.
Consequently,
lqΩ(γ) = lqQ(δ) = a.
Contrary to the complex plane case,
√
|qΩ|
a has no reason to be extremal
for ΓΩ. We say that ΓΩ satisfies the pull-back density condition if
√
|qΩ|
a is
an extremal density for ΓΩ.
In this context, we have a general result concerning quasiconformal maps
which dilate horizontal trajectories of quadratic differentials (see Proposition
3.17 in [20] for a proof).
Theorem 3.2.5. Assume that ΓΩ and ΓΩ′ satisfy the pull-back density con-
dition. Let f : (Ω, J1, J2) −→ (Ω′, J ′1, J ′2) be a C2 quasiconformal map that
dilates horizontal trajectories of (qΩ, qΩ′). Then, there is a C2 quasiconfor-
mal map g : Q −→ Q′ such that
Π ◦ f = g ◦Π.
Remark 3.2.6. The map g of the above theorem dilates horizontal trajectories
of (qQ, qQ′). Moreover, according to Theorem 3.9 in [20], g is symplectic with
respect to the hyperbolic area forms on H.
The next examples are applications of this theorem in order to find all
quasiconformal maps in appropriate classes of maps between domains of H
that dilate horizontal trajectories. For cylinders, there is, up to composi-
tion with a vertical rotation, a unique quasiconformal map (in an appro-
priate class of quasiconformal maps) which dilates horizontal trajectories.
For cylinders from which a smaller cylinder has been removed, there can
be no quasiconformal map (in an appropriate class of quasiconformal maps)
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which dilates horizontal trajectories. Finally, for spherical annuli, there is
a 2-parameters family of quasiconformal maps (in an appropriate class of
quasiconformal maps) dilating horizontal trajectories.
Example 3.2.7. Consider cylinders Ca,b and Ca′,b′ where
Cr,R = {(z, t) ∈ H | |z|2 < R, t ∈]0, r[},
for a, b, a′, b′ > 0 satisfying
ab′
a′b
> 1
and the trajectories of the quadratic differential
q = Π∗dw2 = [−4z2dz2]ω
where Π : (z, t) 7→ t+ i|z|2. Its vertical trajectories are the cylindrical radii
δz,t(s) = (sz, t)
for |z| = 1, t ∈]0, a[ and s ∈]0,√b[ and horizontal trajectories are the curves
γz(s) =
(
ze
−i s
2|z|2 , s
)
for 0 < |z| < √b and s ∈]0, a[ (see Figure 1).
Consider the class F of quasiconformal maps from Ca,b to Ca′,b′ which
extend homeomorphically to the boundary and map
• the disc {(z, t) ∈ H | |z| ≤ √b & t = 0} to the disc {(z, t) ∈ H | |z| ≤√
b′ & t = 0},
• and the disc {(z, t) ∈ H | |z| ≤ √b & t = a} to the disc {(z, t) ∈
H | |z| ≤ √b′ & t = a′},
Let Γ0 be the family of all horizontal trajectories of q. Then, Theorem 2.9
in [20] states that the map f0 defined by
f0(z, t) =
 √b′ze it2b(1−a′bab′ )√(
1− ab′a′b
) |z|2 + ab′a′ ,
a′
a
t

is a quasiconformal map in F which minimizes the mean distortion in F for
the extremal density of Γ0 and it is the unique such minimizer up to composi-
tion with a vertical rotation. Moreover, f0 a
′
a -dilates horizontal trajectory of
q: f sends the horizontal trajectory s 7−→ γz(s) to the horizontal trajectory
s 7−→ γz′
(
a′
a s
)
with z′ =
√
b′z√(
1−ab′
a′b
)
|z|2+ab′
a′
. But it only preserves vertical
trajectories of q: f sends the vertical trajectory s 7−→ δz,t(s) to the vertical
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Figure 1: Horizontal and vertical trajectories of the quadratic differential q =
[−4z2dz2]ω lying in a cylinder. Vertical trajectories are rotations around the ver-
tical axis of the cylindrical radii and horizontal are rotations around the vertical
axis of the drawn curves connecting the boundary discs.
trajectory s 7−→ δz′,t′
 √b′s√(
1−ab′
a′b
)
s2+ab
′
a′
 with t′ = a′a t and z′ = ze it2b(1−a′bab′ ).
Theorem 3.2.5 says more: up to composition with a vertical rotation, f0 is
the only C2 quasiconformal map in F which a′a -dilates horizontal trajectories
of q.
Indeed, let f be such a map. Then, according to Theorem 3.2.5, there is a
quasiconformal map g : Ra,b −→ Ra′,b′ such that Π ◦ f = g ◦ Π. Since f
a′
a -dilates horizontal trajectories of q, for every x+ iy ∈ Ra,b,
<(g(x+ iy)) = a
′
a
x.
Then, Theorem 3.9 in [20] states that g must be a symplectomorphism with
respect to the hyperbolic area form of the upper half-plane. Thus, ϕ = =(g)
satisfies for every x+ iy ∈ Ra,b,
a′
a
∂ϕ
∂y
(x+ iy)
1
ϕ(x+ iy)2
=
1
y2
.
Solving, we find for every x+ iy ∈ Ra,b,
ϕ(x+ iy) =
a′y
a+ a′yh(x)
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for a function h. Moreover, since f sends {(z, t) ∈ H | |z| = √b & 0 ≤ t ≤
a} to {(z, t) ∈ H | |z| = √b & 0 ≤ t ≤ a}, for every x ∈ [0, a],
ϕ(x+ ib) = b′
and so, h is constant with value b′ − aa′b . Thus, g is completely determined
and so f is also determined up to composition with a vertical rotation (this
is a consequence of Theorem 3.9 in [20]). Then, f is, up to composition with
a vertical rotation, f0.
On the other hand, there is no C2 quasiconformal map in F that
√
b′
b -
dilates vertical trajectories of q. Indeed, let f be such a map and write it in
cylindrical coordinates z = reiθ, t = t as (R,Θ, T ). Then, the fact that f
sends vertical trajectories to s 7−→ δz,t
(√
b′
b s
)
implies that
∂T
∂r
=
∂Θ
∂r
= 0 and R =
√
b′
b
r.
The contact form ω in cylindrical coordinates is
dt+ 2r2dθ.
Since f is contact, R,Θ and T satisfy
∂T
∂t
+ 2
b′
b
r2
∂Θ
∂t
=
1
2r2
∂T
∂θ
+
b′
b
∂Θ
∂θ
. (5)
Then, differentiating it with respect to r gives
2
b′
b
r2
∂Θ
∂t
= − 1
2r2
∂T
∂θ
and reporting this expression in (2), we obtain
∂T
∂t
+
1
r2
∂T
∂θ
=
b′
b
∂Θ
∂θ
leading to
∂T
∂θ
= 0.
This, together with the fact that ∂R∂θ = 0 implies that there is a map g :
Ra,b −→ Ra′,b′ such that
Π ◦ f = g ◦Π.
Since R =
√
b′
b r, for every x+ iy ∈ Ra,b
=(g(x+ iy)) = b
′
b
y.
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Again, Theorem 3.9 in [20] implies that g is a symplectomorphism with re-
spect to the hyperbolic area form of the upper half-plane which leads to
∂<(g)
∂x
=
b′
b
.
Since g maps {w ∈ Ra,b | <(w) = 0} on {w ∈ Ra′,b′ | <(w) = 0}, it must be
the dilation with factor b
′
b which is impossible by the hypothesis
ab′
a′b > 1.
Consider two domains
Da,b = {(z, t) ∈ H | 0 < t < a, 1 < |z|2 < b+ 1} and
Da′,b′ = {(z, t) ∈ H | 0 < t < a′, 1 < |z|2 < b′ + 1}
for a, b, a′, b′ > 0 with
a(b′ + 1)
a′(b+ 1)
> 1
and the trajectories of the quadratic differential
q = [−4z2dz2]ω.
Let F be the class of quasiconformal maps from Da,b to Da′,b′ which extend
homeomorphically and map the two boundary annuli to their corresponding
ones and the two boundary cylinders to their corresponding ones. Denote
γz the horizontal trajectories of q. Then, Example 3.20 in [20] states that
a quasiconformal map g0 ∈ F which a′a -dilates horizontal trajectories of q
exists if and only if
ab
b+ 1
=
a′b′
b′ + 1
(meaning that the rectangles {w ∈ C | 0 < <(w) < a, 1 < =(w) < b + 1}
and {w ∈ C | 0 < <(w) < a′, 1 < =(w) < b′ + 1} have the same hyperbolic
area). If it is the case, then g0 is, up to composition with a vertical rotation,
the restriction to Da,b of the map f0 : Ca,b+1 −→ Ca′,b′+1 given previously
(with b replaced by b+ 1 and b′ by b′ + 1).
Example 3.2.8. For the last example, consider two spherical annuli Aa and
Aak for a > 1 and 0 < k < 1, where
Ar = {(z, t) ∈ H | 1 < ‖(z, t)‖H < r},
foliated by radial curves
γy,α(s) =
(√
es sin(y)αe−
is
2
cot(y), es cos(y)
)
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Figure 2: Horizontal and vertical trajectories for the quadratic differential q =[
−4z2
(t+i|z|2)2dz
2
]
ω
lying in an annulus. Horizontal trajectories are rotations around the
vertical axis of the curves connecting the boundary spheres and vertical trajectories
are rotations around the vertical axis of the spherical arcs.
for |α| = 1, y ∈]0, pi[. These curves are horizontal trajectories for the
quadratic differential
q = Π∗
(
dw2
w2
)
= [
−4z2
(t+ i|z|2)2 dz
2]ω
where Π : (z, t) 7→ t+ i|z|2; and its vertical trajectories are spherical arcs
δx,α(s) =
(√
ex sin(s)αe
is
2 , ex cos(s)
)
for |α| = 1, x ∈]0, 2 log a[ (see Figure 2).
It will be more convenient here to write in logarithmic coordinates intro-
duced in [16]:
(z, t) =
(
i cos
1
2 ψe
ξ+i(ψ−3η)
2 ,− sinψeξ
)
for ξ ∈ R, ψ ∈ [−pi2 , pi2 ] and ψ − 3pi ≤ 2η < ψ + pi. In those coordinates, up
to parametrization, horizontal trajectories of q are
γ˜ψ,η(s) =
(
s, ψ, η − tanψ
3
s
)
and its vertical trajectories are
δ˜ξ,η(s) = (ξ, s, η) .
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Let F be the class of all quasiconformal maps from Aa to Aak which extend
homeomorphically to the boundary and map the boundary Korányi spheres of
Aa to the respective boundary Korányi spheres of Aak . Let fk be the radial
stretch map defined in logarithmic coordinates by
fk(ξ, ψ, η) =
(
kξ, tan−1
(
tanψ
k
)
, η
)
.
Then, Theorem 2 in [3] states that fk minimizes the mean distortion in
F for the extremal density of the family of horizontal trajectories of q in
Aa. In [4] the authors proved that, up to composition with a vertical ro-
tation, fk the only such minimizer. Moreover, fk k-dilates horizontal tra-
jectories of q: fk maps the horizontal trajectory s 7−→ γ˜ψ,η(s) to the hori-
zontal trajectory s 7−→ γ˜
tan−1( tanψk ),η
(ks); and preserves vertical trajectories
of q: fk sends the vertical trajectory s 7−→ δ˜ξ,η(s) to the vertical trajectory
s 7−→ δ˜kξ,η
(
tan−1
(
tan s
k
))
.
However, contrary to the case of cylinders, composition with vertical ro-
tations of fk are not the only quasiconformal maps in F which k-dilates
horizontal trajectories of q. Indeed, for every real number D, the map de-
fined in logarithmic coordinates by
gD : (ξ, ψ, η) 7−→
(
kξ, tan−1
(
tanψ
k
+D
)
, η − kDξ
3
)
is a quasiconformal map in F which sends s 7−→ γ˜ψ,η(s) to s 7−→ γ˜ψ′,η′(ks).
Up to composition with a vertical rotation, these maps gD are the only C2
quasiconformal maps in F which k- dilate horizontal trajectories of q (this
is a consequence of Theorem 3.2.5).
On the other hand, as in the case of cylinders, there is no C2 quasi-
conformal map in F which 1-dilate vertical trajectories of q. The proof of
this goes along the same lines as the one for cylinder, except that it is more
convenient to use logarithmic coordinates.
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